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ABSTRACT 
In connection with an optimization problem, all functions f: I” -+ F! with cow 
tinuous nonzero partial derivatives and satisfying 
af af 
- K =g,j(x,/xj) forall x,,x,El, 
ax, / 
i,j=1,2 ,...,a (n>2) 
1 
are determined (I is an interval of positive real numbers). 
A standard optimization problem is the search for the maximum of 
under the condition 
f(x l,...,z,)<h. 
Leonard Cheng [3] examined the dependence of the solution upon the 
weights wl, ws,, . . , w,. He found that he can get strong results if f satisfies 
af af 
- z 'tZij("i/'j) 
I ax, , 
forall i, jc {1,2 ,.,., n} (n>2). 
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Here the variables xk (k = 1,2,. . . , n) are positive, say in an interval Z of 
positive numbers. We will make the quite natural suppositions that f has 
continuous first partial derivatives and df/b'x, # 0 on I”, and so gi i is also 
continuous and nowhere zero on Z/Z := { x/y : x E I, y E Z }. 
L. Cheng has asked (in correspondence) for the general form of the 
functions f satisfying these conditions. In this note we answer this question. 
From 
af af 
~ z =g,j(x,/rj) forall xi,xjEZ, i,jE {1,2 ,..., n}, 
I ax, ] 
(1) 
we get 
g,,(x,/Xk)=gij(Xi/Xj)gjk(Xj/XL) (Xi> Xja ‘k E’) (2) 
(since n > 2, we have at least three subscripts to choose from). Let us fix here 
both the index k = k, and the variable xk,, and define h, by 
‘i(x) = gik,,(X/Xkc,) ( # ‘) (j=1,2 ,..., n). 
So, by P), 
If we write s = x j, t = x,/xi, then this goes over into 
hi(st)=hj(s)gij(t) (SEZ, tEz/z). 
This is a so-called Pexider equation [2]. We have seen that g , j is nonzero 
and continuous on Z/Z. Furthermore by [2] and [5] the Pexider equation can 
be extended to all positive numbers and the general solution (for hi f 0 and 
g i j nonzero and continuous on Z/Z ) is given by 
/q(t) = up, hi(t) = ait”, g,j(“) = “‘d 
‘i 
with constant a, # 0, a i # 0, and b. 
FUNCTIONALDIFFERENTIAL EQUATIONS 
So (1) goes over into 
11 
af af 
---I 
b six, -=- 
axi ax, ajx: (i>jE {LL.,~>>, (3) 
which can be written as 
af af -- 
ax, axj 
a+ a+ 
axi 
- 
axj 
= 0. (4) 
where 
and 
~(xj,~j)=a,lnx,+ajInxj if b=-1. (6) 
It is known (see e.g. [4]) that if on a region (in our case on 1”) 
af af -- 
ax ay a+ 
a+ a+ 
= 0 and Y&+0, 
- 
aX ay 
then there exists a (differentiable) function F of one variable such that 
on that region. (For similar arguments, see [l, 21.) In our case there are 
variables in f other than xi and xi (at least one more), kept constant when 
forming the partial derivatives af/aq and df/dx,, sothat (4) for instance 
12 J. ACZkL 
with i = 1, j = 2, implies only 
or 
f(X1>X2>X3>...> x.)=F(a,lnr,+x,lnxz,x:, ,..., x,,), (8) 
respectively, according to whether we have (5) or (6). In (7), of course, 
P=h+1, ak = uk/b. (9) 
[By comparison of (1) and (3) one sees that b cannot depend upon x,r,. . . , x,, 
and ~,,a, may depend on them at most in the form of a common factor 
which can be immerged in the dependence of F upon x:r,. . . , x,,.] 
In what follows, we restrict our consideration to (5) and (7). The case (8) 
can be handled in the same way. 
We apply (3) now with i = 1, j = 3. In view of (7) (9) and writing 
we get 
which again can be written as 
aF aF 
-- 
au ax, 
a+ a+ To> where J/( U, xg) = u + LK3X{ 
-- 
au ax, 
[cf. (9)]. So there exists now a differentiable function G such that 
or, in view of (7), 
13 
(10) 
FUNCTIONAL-DIFFERENTIAL EQUATIONS 
Clearly we can continue in the same way and get eventually 
f( x1, x2,.. .) xn) = H( qxf + cx,xf + . . + a,,xfl). 
Similarly we can advance from (8) to 
f(x,,x,,..., x,,)=H(a,lnx,+a,lnxg+ ... +a,,lnx,,). (11) 
So we have proved the following. 
THEOREM. The general solutions f: 1 n + 03 of (l), where I is an interval 
of positive numbers and f has continuous nonzero partial derivatives on I”, 
are given by (10) and (11) where H is an arbitrary continuously differentia- 
ble function whose derivative is not 0 and al, ag,. . . , a,,, p, a,, uB,. . . , a ,, arc’ 
arbitrary nonzero constants. 
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